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Abstract. The distinct differences between improper and definite integral is shown in this article by some 
counterexamples, by which we correct the students’ misunderstanding and make the exclusive characters of improper 
integral clearer. 

1 Introduction 

Improper integral is an important knowledge point on 
integral after definite integral, which contains two typies, 
one with infinity integral limit is and the other with 
unbounded integrand. For the two are mutually 
transformable, we only research on infinite integral. 
Firstly, we think about whether the properties of integral 
could be passed on to or suit for improper integral, or 
which kind of properties could. According to the thinking 
way, we could enhance the students’ understanding on the 
properties of improper integral by counterexamples. 

2 Properties different from definite 
integral 

1. When the improper integral ( )
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�  is convergent, 

the integral dxxf
a
�
��

)(  may not be convergent too. 

Example 1: The improper integral dx
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we get the conclusion that dx
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sin  is divergent. 

2. The infinite integral ( )
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Example 2: Let )1(sin)( ��	
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3[3]. If ( )
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dxxf  is divergent. 

3 Relation of integrand and the 
convergence of the integral 
Many students may think that, since improper integral and 
series have close connection, the general term tends to 0 
when the series is convergent, then so does the convergent 
improper integral, namely the statement, that the 
integrand should approach 0 for a convergent improper 
integral, is not true. 

4. If ( )
a

f x dx

��

�  is convergent and ( )f x  is 

non-negative on the interval [ , )a �� , then lim ( ) 0
x

f x
���

�  
may not be true. 

Example 4 [2]: Set 
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Solution: For  
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Then dxxf�
��

1
)(  is convergent, but )(lim xf

x ���  does not 
exist. 

Note: The counterexample is constructed by the 
important property of definite integral, that is, when we 
change the function value on finite points, the 
integrability and integral value will not be affected. 

5. If ( )
a

f x dx

��

�  is convergent and ( )f x is continuous 

on [ , )a �� , then lim ( ) 0
x

f x
���

�  may be untrue. 
Example 5 [3]: Let )1(sin)( 2 ��	
� xxxf . 

Solution: The improper integral dt

t

t
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is convergent, but 2sinlim x
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 does not exist, which 
indicts that the integrand may not tends to 0 even it is 
continuous.  

Then we are curious about that in which cases, the 
integrand of a convergent integral will convergent to 0? 
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Set � � � � � �� �� � � � .,2,1,1,,14
33

������ nnnxxxxf
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Then � �xf  is � ���1  non-negative and continuous, 
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The expression (2) is convergent from (1), but 
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Note: If the condition ( )f x  is uniformly continuous 

on the interval � �,a �� , the integral ( )
a

f x dx
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�  is 

convergent, then the conclusion is hold. 
7. Improper integral may not be divergent with 

unbounded integrand 
Example 7. Set
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is convergent. 
The above example shows that, the improper integral 

may convergent even the integrand is divergent. 
8. When ( )

a

f x dx

��

�  is convergent,the integrand may 

be unbounded. 
Example 8: Let ( )f x  is defined on [ , )a ��  as 

follows:

1,2,n �

The function ( )f x  is bounded, and ( )
a

f x dx

��

� =1. 

4 Test the convergence of improper 
integrals 

9. If  
( )lim 1,
( )

( ) ( ) .

x

a a

f x

g x

f x dx is convergent g x dx is convergent

��

�� ��

�
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)The statement is not true(

Example 9 

thus the improper integral 
1

( )g x dx

��

�  is divergent. 

Note: The comparison principle form is not the same as 
the text, if we add the condition that ( ) ( )f x and g x  are 
non-negative, the conclusion is hold. In order to avoid 
such misunderstanding, we should emphasize the 
principle is based on non-negative integrand in teaching. 

10. Let �
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bounded, then the improper integral �
��

a

dxxxf )()( '

may not be convergent. 
Example 10. 

Let 
x

x
xf

sin)( � , then for 
1

1, sin 2
A

A xdx( ) 
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1,when x we have

x

���  is monotonic and tends to 

0.

The integral 
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has a discontinuous point at 0�x , set the value at 
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on � �1,0 . Thus 
0

sin x
dx is convergent

x

��

� . 

Set
2

0 0

sin 1 cos 2( ) sin ,
2

x x
x x is bounded dx dx

x x

*
�� �� �

� �� � ,

for any 0)A ,we have 

0

1 1 1cos2 sin 2 , ,
2 2 2

A

xdx A and when x
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Note If �
��

a

dxxf )(  is absolutely convergent and 

)(x'  is bounded on � ���,a , so does �
��

a

dxxxf )()( ' . 

5 Conclusions 
This mathematical teaching method, constructing 
counterexamples, plays an important role in mathematical 
analysis. A good counterexample will make the students 
understand the definitions, theorems and principles more 
clearly. 
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